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Chapter 1

Operations With Series

We will define series

o0
Zakxk = ag+aix +ax®+azx> +asxt+---, (1.2)
k=0
o0
D bex® = bo+bix + box? + bax® + bax* + -+, (1.2)
k=0
o0
chxk = co+c1x +cax?+e3xd +eaxt + -0 (1.3)
k=0

The first two series will be assumed to be the known operands, so that the coeffigiemdb; are known.
We will wish to find the coefficientsy.



1.1 Sum

The sum of two series is given by

where

In general,

o0 o0 o0
Z apx® + Z bixk = Z cexk.
k=0 k=0 k=0

Co
1
C2
C3
Cq
Cs
Ce
c7

(4]

ao + bo
ap + by
as + by
as + b3
as + by
as + bs
ae + b
a7 + by
asg + bs

Cck = ai + by

(1.4)

(1.5)
(1.6)
(1.7)
(1.8)
(1.9)
(1.10)
(1.11)
(1.12)
(1.13)

(1.14)



1.2 Difference

The difference of two series is given by

o0

3 e

k=0

where

In general,

o0 o0
k_ Zbkxk = chxk.
k=0 k=0

Co
1
C2
C3
Cq
Cs
Ce
c7

(4]

Ck =

ao—bo
al—bl
az—bz
a3—b3
a4—b4
as — bs
a(,—bG
a7 — by
ag—bg
ak — bi

(1.15)

(1.16)
(1.17)
(1.18)
(1.19)
(1.20)
(1.21)
(1.22)
(1.23)
(1.24)

(1.25)



1.3 Product

The product of two series is given by

where

In general,

Co
C1
C2
C3
Cq
Cs
Ce
C7

(4]

oo

(50 o (S - S

k=0

aobo

aoby + arby

aoby + ai1br + azbg

agbsz + ai1by + axb1 + azby

aobs + a1bs + azby + azby + aasbg

aobs + a1by + azbs + asby + asby + asbg

aobe + a1bs + azbs + azbs + asbs + asby + aghy

aob7 + arbe + azbs + asbs + asbz + asby + agby + a7bg

aobg + ai1by + azbe + azbs + asbs + asbz + aghy + a7b1 + agbo

k
k=) aibp
—

(1.26)

(1.27)
(1.28)
(1.29)
(1.30)
(1.31)
(1.32)
(1.33)
(1.34)
(1.35)

(1.36)



1.4 Quotient

The quotient of two series is given by

Y heo byx* - k
== = CrX (2.37)
3 kzo arx* ,;,
where
b
co = 0 (1.38)
ao
LT
cp = — bl—Coali| (1.39)
ao |
'r
Cry = — bz—Clal —C0a21| (1.40)
ao L
'r
c3 = a— b3 — Cad1 —C1dp — C0a3] (1.41)
oL
'r
Cq4 = a— b4 — C3d1 — Cadp — C1Ad3 — Coa4] (1.42)
oL
'r
c; = a_ bS — C4a]1 — C3dp — C2a3 — C144 — C0a51| (143)
oL
'r
ce = P b — c5a1 — c4ap — C3a3 — C2a4 — €145 — Codg (1.44)
oL
'r
c7 = . b7 — cea1 — C5a2 — C4a3 — €304 — C2A5 — C1dg — coa7i| (1.45)
oL
'r
cg = P bg — c7a1 — Ccgz — C5a3 — C4d4 — C3A5 — Cadg — €147 — Cods (1.46)
oL

Note that we must have, # 0. If dividing by a series for whicluy = 0, it will be necessary to factor the
appropriate power of from the divisor series to gefy = 0 before applying these formulae.
In general, forx > 0,

| k ! k—1
ck = — | b — Ch—iti | = — | b — Aj—i Ci 1.47
k= [ k Z k ] 0 [ k ; k ] (1.47)

i=1

In terms ofay only, fork > 0, the coefficient; may be found from the determinant okax & matrix:

(albo—aobl) ao 0 0

(azbo — aobz) aq ao e 0

(_1)k (a3b0 — a0b3) an aq e 0
o .

(ak—1bo —aghk—1) ax— ar—3 ... aop

(axbo — aoby) k-1 Qk—2 ... ai




1.5 Reciprocal

The reciprocal of a series may be found from the result of the previous section, dgttiad andb; = 0
for k > 0. The result is

1 > i
—_—— = CkX (1.49)
> ko arx* ;é%
where
1
co = — (1.50)
ao

0 = o4 (1.51)
ao
'r

Cr = —| —Cda; — Coaz] (1.52)
ao L
'r

c3 = —| —Cd1 —Ci1d3 — C0a3] (1.53)
ao L
'r

Cq4 = a— — C3d1 — Cadp — C1Ad3 — Coa4] (1.54)
0L
'r

c5 = ol C401 — €30y — Cad3 — C1d4 — coa51| (1.55)
oL
'r

ce = P i C501 — C40p — C303 — C204 — C1d5 — coa61| (1.56)
0L
'r

c7 = ol Cell] — C507 — C4d3 — C304 — C2d5 — C106 — coa7i| (1.57)
oL
'r

cg = P i C701 — Cgly — C503 — C4d4 — C305 — C2de — C1A7 — coagi| (1.58)
0L

Note that we must have, # 0. If dividing by a series for whicluy = 0, it will be necessary to factor the
appropriate power of from the divisor series to gefy = 0 before applying these formulae.
In general, forx > 0,

1 k 1 k—1
k= —% ch_ia; = —% Zak—ici (1.59)
i=1 i=0

This latter result may also be found by setting= —1 into the “powers” formula.
In terms ofa; only, fork > 0, the coefficient; will be found from the determinant of/a x £ matrix:

aq ao 0 e 0

an aq ao e 0

(_1)k as an aq e 0
o

ag—1 dk—2 dg—3 ... Ao

aj dj—1 Ajf— ... d1




1.6 Powers

A series may be taken to a power:

) n 1)
(Zakxk> Y et
k=0 k=0

Heren may be positive or negative, integer or fractional. The coefficieptsre

Co

1

(&)

C3

C4

Cs

Ce

C7

(4]

ag
naico
ao
L
—| (n—Dajcy + Znazcoi|
Zao |
r
— | (n—2)aica + 2n — azey + 3na3co]
3ag |
T
Tae (n —3)aicz + 2n —2)azcr + 3n — 1)aszcy + 4na4coi|
oL
— | (n —4)aica + 2n — 3)azcs + 3n —2)azca + (4n — Dagcy + 5nasco]
ao [
r
o (n —5)aics + 2n —4)azca + (3n —3)azcs + (4n — 2)ascs
oL

+ (5n — l)ascy + 6na6601|

LT
T (n —6)aice + 2n — S)azcs + (3n —4)azcs + (4n — 3)ascs
oL

+ (51 — 2)ascy + (6n — 1)agey + 7na7co]

1
San (n —T)aic7 + 2n —6)azce + (3n —5)azcs + (4n — 4)ascy
ao L

+ (51 — 3)ascs + (6n — 2)agcy + (Tn — Daqcy + 8nagcoi|

In general, fork > 0,

|k
%= Tan ;[(k —i)n —ilag—c;

(1.61)

(1.62)
(1.63)

(1.64)
(1.65)
(1.66)

(1.67)

(1.68)

(1.69)

(1.70)

(1.71)



1.7 Square

The square of a series is found by substituting 2 into this result:

o0 2 o0
(Z akxk> = Z ckxk (1.72)
k=0 k=0

The coefficients;, are

co = a; (1.73)
2
o = 419 (1.74)
ao
L
cr = —aic1 + 4a2C01| (1.75)
2ag |
1
c3 = —[azcl + 2613C01| (1.76)
ao
L
cy = yre B aics + 2azcr + 5ascy + 8a4coi| 2.77)
ao L
r
cs = e 2ai1c4 + azcs + 4aszcy + Taser + 10ascoi| (1.78)
0
T
Ce = 2— —aics + ascs + 2aqcr + 3ascy + 406C01| (179)
ao L
r
7 = ol 4aice —arcs + 2ascy + S5aqcs + 8ascy + 1lager + 14a7coi| (1.80)
0
T
cg = sac |~ 5a1c7 — 2asc6 + azcs + 4aqcqs + Tascs + 10ages + 13a7¢1 + 16agcoi| (1.81)
ao [
In general, fork > 0,
=
= — 2k —3i)ak_;c; 1.82
%= T ;( iag—;ci (1.82)



1.8 Reciprocal of Square

The reciprocal of the square of a series is found by substituting—2 into this result:

The coefficients;, are

Co

1

(&)

C3

C4

Cs

Ce

c7

(4]

o] -2 o]
(Z akxk) = chxk
k=0 k=0

1
ag
—26116‘0
ao
— | — 3(116‘1 — 4a2C01|
Zao |
— — 4a1C2 — 5(126‘1 — 6a3C01|
ao [
— | — 5a1C3 — 66126‘2 — 7a3C1 — 8a4C()i|
ao |
or
—| —6aics — Tarcz — 8azcr — 9ascy — 10ascy
5ag |
—| —7ai1c5 — 8azcqg — 9azcz — 10agcy — 11ascy; — 12a6c01|
ao |
——| —8ai1c6 — 9ascs — 10ascs — 11agcs — 12as¢c, — 13agc1 — 14a7coi|
ao [
r
3ol ~ 9aic7 — 10asce — 11ascs — 12a4c4 — 13asc3 — 14agen
ao |

—15a7¢1 — 16agcoi|

In general, fork > 0,

1 k—1
Cp = —— 2k —i)ag_;c;
k ka() ;( ) k—iCi

(1.83)

(1.84)
(1.85)
(1.86)
(1.87)
(1.88)
(1.89)
(1.90)

(1.91)

(1.92)

(1.93)



1.9 Cube

The cube of a series is found by substituting- 3 into this result:

The coefficients;, are

Cco =

C1 =
Cr =
cy =
Cq4 =
C; =
Ce =
c7 =
cg =

In general, fork > 0,

a3

36116‘0

o0 3 o0
(Z akxk> = Z ckxk
k=0 k=0

do

1

do
1

3610

1

do
1

5a0

1

3610

aici + 3azcoi|
aica + 5axc1 + 9a3coi|

ascy + 2azcy + 3a4coi|

—aicq4 + 3acs + Tazca + 1lagcer + 15ascoi|
—aics + azcq + 3azcs + 5agcr + Tascy + 906C0]

—3ajce + axcs + 5ascq + 9ascs + 13asc, + 17a¢c1 + 21a7coi|

—aicy + ascs + 2ascq + 3ascy + 4ager + Sazcy + 6agcoi|

k—1
1
= — Y Gk - 4)aic
Ck kao i=0( )ag_;c

10

(1.94)

(1.95)
(1.96)

(1.97)
(1.98)
(1.99)
(1.100)
(1.101)
(1.102)

(1.103)

(1.104)



1.10 Reciprocal of Cube

The reciprocal of the cube of a series is found by substitutiag —3 into this result:

The coefficients;, are

Co

1

(&)

C3

C4

Cs

Ce

c7

(4]

1
3
ap

o] -3 o]
(Z akxk) = chxk
k=0 k=0

—36116‘0

do

1
do
1

3610
1

Zao
1

5a0
1

3ag
1

7a0
1

4ao |

In general, fork > 0,

—[ — 26116‘1 — 3612C01|

—5ay1cp — Tazcq, — 9a3coi|

— 3ay1c3 — 4arcop — S5aszcq — 6a4coi|

—Taics — 9asc3 — 11ascy — 13a4c1 — 15ascoi|
—4aic5 — 5ascqs — 6azcz — Tasca — 8ascy — 906C0]

—9ayc6 — 11lazcs — 13azcqs — 15a4¢3 — 17as5¢5 — 19a¢c1 — 21a7coi|

(1.105)

(1.106)
(1.107)
(1.108)
(1.109)
(1.110)
(1.111)
(1.112)

(1.113)

— 5a1c7 — 6ayceg — Tazcs — 8ascs — 9ascz — 10agcr, — 11arcq — 12a8c01| (1.114)

k—1
1 .
C = —a ;(3]( —21)ak_ici

11

(1.115)



1.11 Square Root

The square root of a series is found by substituting 1/2 into the previous result:

The coefficients;, are

Co

1

(&)

C3

C4

Cs

Ce

c7

(4]

Ja

aico

z|- §
_ ¥
£|-3

lan

T
4ao |
1

14a |

1

16(10 |

In general, fork > 0,

00 00
D akxk =) ct
k=0 k=0

—aicy + 2azcoi|

—aicy + a3coi|

—5ay1c3 —2a3c5 + azcy + 4a4C()i|

—Tajcq — 4arcs — aszca + 2aqcq + 5ascoi|

—3aj1cs5 — 2ac4 — aszcs + ascy + Za(,coi|

— 1lajce — 8arcs — 5azcs — 2aq4c3 + ascy + 4aegcy + 7a7coi|

(1.116)

(1.117)
(1.118)

(1.119)
(1.120)
(1.121)
(1.122)
(1.123)

(1.124)

— 13a1c7 — 10azc6 — Tazcs — 4aqscqs — ascs + 2agca + S5a7¢1 + 8agcoi| (1.125)

1 k—1
= — k — 37 i Ci
Ck 2kag ;( 3i)ag_;c;

12

(1.126)



1.12 Reciprocal of Square Root

The reciprocal of the square root of a series is found by substitutiag—1/2 into the previous result:

The coefficients;, are

Co

1

2

C3

Cq

Cs

Ce

C7

(4]

1
v/ ao

—dai1Co

Zao
T

4a0
1

6ao
1

8610
1

10(10 |

1

1200 |

1
1400
1

16(10 |

1
2

o0 o0
(Z akxk> = chxk
k=0 k=0

— 3(116‘1 — 2a2C01|

— 56116‘2 — 4a2C1 — 3a3C01|

— 7a1C3 — 66126‘2 — 5(136‘1 — 4a4C()i|

—9ajc4 — 8ascs — Tazcy, — 6ascy — 5ascoi|
— 1lajcs — 10azcq4 — 9azc3z — 8asca — Tascy — 606C0]
—13a1c6 — 12a3¢c5 — 11azcq — 10aqc3 — 9ascy, — 8agc1 — 7a7coi|

— 15a1¢c7 — 14asce — 13a3¢c5 — 12a4c4 — 11ascz — 10agcs

—9aqcq1 — 8agcoi|

In general, fork > 0,

k—1
1 .
Ck = ~2kao i§=0(k +i)ag—ici

13

(1.127)

(1.128)
(1.129)
(1.130)
(1.131)
(1.132)
(1.133)
(1.134)

(1.135)

(1.136)

(1.137)



1.13 Cube Root

The cube root of a series is found by substituting: 1/3 into the previous result:

(1.138)
The coefficients;, are
Co = 3 aop (1.139)
o = 4@ (1.140)
3610
LT
¢y, = —| —aic +a2C()i| (1.141)
3610 |
T
c3 = —| —5a1ca —ajzc; + 3a3C01| (1.142)
9ay |
LT
c4 = —| —2aicz—azcy + a4C0] (1.143)
3610
LT
cs = ool ~ 1laics — Tazes — 3azcy + agcy + 5ascoi| (1.144)
ao [
T
c6 = ouc| ~ Taics —5azcs —3aszcs —ascy + ascy + 3ascoi| (1.145)
oL
LT
7 = 1|~ 17a1c6 — 13a2¢c5 — 9aszcq — S5ascz — ascy + 3aegcy + 7a7coi| (1.146)
ao [
1
cg = 6—[ —5a1¢c7 — 4asce — 3azcs —2ascs — ascs + a7c1 + 2a8c01| (1.147)
ao
In general, fork > 0,
=
k= g g(k —dDaie (1.148)

14



1.14 Reciprocal of Cube Root
The reciprocal of the cube root of a series is found by substitutirg—1/3 into the previous result:

1
3

S 00
(Z akxk> =Y ot (1.149)
k=0 k=0
The coefficients, are
1
@ = 3 (1.150)
ao
a = s (1.151)
3610
LT
2 = 3| T2mas “ZCO} (1.152)
3610 |
LT
c3 = —| —Taic2 —Saxc1 — 3a3coi| (1.153)
9a0 |
LT
c4s = —| —5aic3—4ascr —3azcr — 2a4coi| (1.154)
6a0 |
LT
cs = ——| —13aicq4 — 1lazcs —9aszcy — Tascy — Sascy (1.155)
15(10 |
1
6 = San [ —8ai1c5 — Tazca — 6aszcs — Sascr, —4ascy — 306C0] (1.156)
ao
LT
c7 = —Zla —19a1c6 — 17azcs — 15a3c4 — 13a4c3 — 11ascr, — 9agcy — 7a7c0] (1.157)
oL
LT
s = 5 — 1layc7 —10azce — 9aszcs — 8ascy — Tascs — bagcr — Sazcy — 4a8c01| (1.158)
ao L
In general, fork > 0,
=
& = ~3pan g(k +2i)a—ic; (1.159)

15



1.15 Identity

Series coefficients may be expressed by an identity transformation by settiagl. This allows each
coefficient of a series to be expressed in terms of previous coefficients:

o0 o0
Y axk =) ex® (1.160)
k=0 k=0
The coefficients;, are
cCo = 4do (1.161)
o = a0 _ 4 (1.162)
ao
o = 20 _g, (1.163)
ao
LT
c3 = —| —aica+azer + 3a3C()i| = a3 (1.164)
3ag |
T
c4 = —| —aic3+ascy+ 2614C01| = d4 (1.165)
Zao |
r
5 = |- 3aicq4 —azes + azca + 3ascy + 5ascoi| =das (1.166)
ao [
r
6 = g —2a1¢5 —azcq + ascyr + 2asc1 + 306C01| =de (1.167)
oL
r
7 = Ta| 5a1ce — 3ascs —aszcq + agcs + 3ascy + 5agc1 + 7a7coi| = a7 (1.168)
ao [
T
cg = | 3aic7 — 2asce — azcs + ascz + 2agca + 3a7c1 + 4agcoi| = ag (1.169)
oL

In general, fork > 0,
k—1

1
% = Tur g(k —2i)ag_ici = ax (1.170)

16



1.16 Series Substitution
1.17 Logarithms

1.18 Trigonometric Functions

17



Chapter 2

Reversion of Series

Suppose we are given a power series

y=a1x+a2x2+a3x3+a4x4+---

This series may be solved faras a power series in:

x = A1y + Ay? + A3y® 4+ Ayt 4 -

The coefficientsd; are given by ¢; # 0)

Ay

A

As

Ay

As

As

A7

11
ap
1

13
a,

—36

2a§ — a1a3i|
S5ai1azaz — a%a4 — 5a§i|

6alaras + 3aia3 + 14a5 — ajas — 21a1a§a31|

[7afa2a5 + 7afa3a4 + 84a1a§a3 — a‘l‘aG — 28a%a§a4 — 28a%a2a§ — 42a§]

[Sa‘l‘azas + 8atazas + 4atai + 120a3a3as + 180a

afa%as — 72afa2a3a4 — 12afa§ — 33Oa1a‘2‘a31|

There is naig or Ag because ...???

18

2.2 2
19243

+ 13248 — aja;

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)



Chapter 3

Power Series Solutionsto Ordinary
Differential Equations

19



Chapter 4

Open issues

How to take sines and cosines of series

e How to take a series to the power of a series

How to deal withay = O (factor out powers af). Does this lead to series with a lower index less than
zero?

e Why no constant terms in series reversion formulae?

20



